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Abstract 

In this paper we study motion of surfaces of revolution under the mean curvature flow. For an open set of 
initial conditions close to cylindrical surfaces we show that the solution forms a "neck" which pinches in a 
finite time at a single point. We also obtain a detailed description of the neck pinching process. 

1 Introduction 

In this paper we study motion of surfaces of revolution under the mean curvature flow. The mean curvature 
flow of an initial hypersurface Mo £ M. d+1 parameterized by ipo : U — > Mo is a family of hypersurfaces 
M t £ M. d+1 whose local parametrizations t) : U — > R d+1 satisfy the partial differential equation 

d t ij(z,t) = -h(i/>(z,t)) 

where h(y) is the mean curvature vector of M t at a point y £ M t , with the initial condition 

#s,0) = ^(z). 

If d > 2 and an initial surface Mo is a surface of revolution around the axis x = Xd+\, given by a map 
r = uq{x) where r = (X^=i x f)^ i then the surface M t is also a surface of revolution and, as long as it is 
smooth, it is defined by the map r — u(x,t) which satisfies the partial differential equation 

ft - ®x u d—l 

°t U - l+(d*u)* ~ (1) 

u(x, 0) = uo(x). 

This equation follows from the mean curvature equation above by a standard computation. 

The initial conditions for (1) can be divided into two basic groups. In the first group, Uq(x) > for 
a < x < b and either uo(a) = uo(b) = or d x uo(a) — d x uo(b) = 0, for some — oo < a < b < oo. In the second 
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group, uq{x) > Vi € 1 and liminfui—joo uq(x) > 0. In the first case we deal with compact or periodic initial 
surfaces and Eqn(I) is considered on the bounded interval [a, b] with the Dirichlet or Neumann boundary 
conditions. In the second case, the initial surface as well as solution surfaces are noncompact and Equation 
( [J) should be considered on R. In this paper we study the second, more difficult case and consequently we 
consider Eqn |T]) on R. Our goal is to describe the phenomenon of collapse or neckpinching of such surfaces. 
We say u(x,t) collapses at time t* if || u / f s ||oo < oo for t < t* and \\ u la ||oo ^ooasf^t*. 

The study of the mean curvature flow goes back at least to the work of Brakke [S]. The short time 
existence in L°° was proved in [5J [201 HH US] ■ In [101 HI] Huisken has shown that compact convex surfaces 
shrink under the mean curvature flow into a point approaching spheres asymptotically. In some of the first 
works on collapse Grayson [18j and Ecker [13] have constructed rotationally symmetric barriers which can 
be used to determine a class of 2— dimensional hypersurfaces of barbell shape which develop a singularity 
under the mean curvature flow before they shrink to a point. 

Huisken [22] showed that periodic rotationally symmetric, positive mean curvature surfaces of the 
barbell shapes always develop singularities in finite time t* , and that their blow-up at a point, where the 
maximal curvature blows up, converges to a cylinder of unit radius. (No information on the set of blow-up 
points was given.) These results were generalized to higher dimensions in [28 . 

Dziuk and Kawohl [12j showed that periodic surfaces of revolution of positive mean curvature which 
have one minimum per period and satisfy certain monotonicity conditions, including one on the derivative 
of curvature, pinch at exactly the point of minimum. 

H.M.Soner and P.E.Souganidis 30J considered Equation ([!} on a bounded, symmetric interval and 
showed that if u(x, t) is even and satisfies xd x u(x, t) > (i.e. u has a single minimum at x = 0), then, along 

a subsequence, 

(t* - t)-*u((t* - t)~*y, t) - V2(d - 1), (2) 

as t — > t* (a compactness result). Smoczyk |29) showed pinching of certain periodic rotationally symmetric 
surfaces with the mean curvatures greater than 2 , which are embedded in Euclidean space. 

S.Altschuler, S.B.Angenent and Y.Giga [2] have showed that any compact, connected, rotationally 
symmetric hypersurface that pinches under the mean curvature flow does so at finitely many discrete points. 

A collapsing solution is called of type I if the square root, \ A\, of the sum of squares of principal curvatures 
is bounded as \A\ < C(t* — t)~3. Otherwise, it is called of type II (see Huisken [H]). It was conjectured 
that the generic collapse is of type I. Indeed, all collapses investigated in the papers above are of type I. 

S.B.Angenent and J. J. L.Velazquez [5] have constructed non-generic, type II solutions, first suggested 
by R.Hamilton and investigated by the level-set methods of Evans and Spruck and Chen, Giga and Goto in 
[THHnill], neckpinching at x — at a prescribed time t*. Their solutions have the asymptotics, as t — > t* , 

(t* - t)-*«((i* - t)-*y,t) = VW^l) + (** - t)^- l ^-j^== H m {y) + o((t* t)^- 1 ) 

where K > 0, m is an odd integer > 3 and H m {y) is a multiple of the mth Hermite polynomial. 

Athanassenas [51 [7] has shown neckpinching of certain class of rotationally symmetric surfaces under 
the volume preserving modification of the mean curvature flow. The latter was also studied in Alikakos and 
Frere [T] . 

For other related works we refer to [15 1 E% 1 |3" H [23 1 17] ■ 
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Most of these works rely on parabolic maximum principle going back to Hamilon [19] and monotonicity 
formulae for an entropy functional (Huisken [22], Giga and Kohn [17]). 

The scaling and asymptotics in ( [5]) originate in the following key properties of ( [T]) : 

1. ( |T|) is invariant with respect to the scaling transformation, 

u(x, t) -> \u(X~ x x, \~ 2 t) (3) 
for any constant A > 0, i.e. if u(x,t) is a solution, then so is \u(\~ 1 x, X~ 2 t). 

2. ([T]) has x— independent (cylindrical) solutions: 

u cy i = [ul-2(d-l)t]i. (4) 

1 ,,2 
2(<i-l) "0- 



These solutions collapse in finite time t* = u'q 



In this paper we consider Equation ([I]) with initial conditions which are positive, have, modulo small 
perturbations, global minima at the origin, are slowly varying near the origin and are even. The latter 
condition is of a purely technical nature and will be addressed elsewhere. We show that for such initial 
conditions the solutions collapse in a finite time and we characterize asymptotic dynamics of the collapse. 
As it turns out, the leading term is given by the expression 

, , w , r/ 2(d - 1) + b(t)\- 2 (t)x 2 , i A , 
c(t) 

with the parameters A(t), b(t) and c(t) satisfying the estimates 

A(t) = (t*-t)i (l + o(l)); 

m - -i4^( 1+ °(m^i 3/4 )); ( 6 ) 

<*) = 1 + 1^(1 + 0(5^))- 
Here Ao = , 1 gg with <^o, £o > depending on the initial datum and o(l) is in t* — i. Moreover, we 
estimate the remainder £(x, i) as 

£ IKA- 1 ^)^)— ^C(^,*)IU < cb 2 (i) (7) 

m+n— 3,n<2 

for some constant c. 

To give more precise formulation of results we introduce some notation. Let L°° denote the space L°°(R) 
with the standard norm ||ti||oo — su Pz 1^0*0 1- To formulate our main result we define the spaces L^ n with 
the norm 

\\u\\ m>n =\\(x)- m d:u(x)\\\ 00 

and define the function g(x, b), b > 0, as 



a(xb)-i mV2(^l)ifte 2 <20(d-l) 

9{X ' ' - 1 A^/d~l if bx 2 > 20(d - 1) . W 
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We will also deal, without specifying it, with weak solutions of Equation ([T]) in some appropriate sense (see 
the next section for more precise formulation). These solutions can be shown to be classical for t > 0. The 
following is the main result of our paper. 

Theorem 1.1. Assume the initial datum uq(x) in (\7$) is even and satisfy for (m,n) — (3,0), (-^,0), (1,2) 
and (2, 1) the estimates 

\\uo(x) - ( 2(d ^+ £0 ^ IU,» < Cef^, 

, ( 9 ) 

(x)^ 1 uq £ L°°, d x uo £ L°° , \d x UQU 2 \ < kqe§ , |9™uo| < kqEq , n — 2,3,4, for some C, kq > 2, and 
i < < 2. There exists a constant 5 such that if Eq < S, then 

(i) there exists a finite time t* such that ll^rjylloo < oo for t < t* and lim t ^ t « || u (^,t) II °° ~* 00 ' 
(ii) there exist C 1 functions £(x,t), X(t), c(t) and b(t) such that and hold; 
(Hi) the parameters \{t), b(t) and c(t) satisfy the estimates fUji; 

(iv) if uod^UQ > —1 then there exists a function u*(x) > such that u(x,t) > u*{x) for M\{0} and t <t* . 
Moreover, if the mean curvature of the initial surface is non-negative, i.e., if 1+ ^Q U ° o yi — < 0, then 
for any x, lim 4 ^ t » u(x, t) exists and is positive Vx =/= 0. 

Thus our main new results are 

1) Proof of neckpinching and neckpinching asymptotics at a single given point for a new open set of initial 
conditions, which includes in particular surfaces whose mean curvature changes sign and which might 
have many necks, 

2) Determination of the subleading term in the asymptotic and estimation of the remainder. 
Remarks 

1) A result similar to (iv) but for a different set of initial conditions (see above) was proven in H.M.Soner 
and P.E.Souganidis [30] : 

2) One can compute more precise asymptotics of the parameters X(t), b(t) and c(t); 

3) It is not hard to show using (J5|)-([7|) that the collapse in our case is of type I. 

The previous result closest to our result is that by Angenent and Knopf [4] [3] on the neckpinching for 
the Ricci flow of SO(n + 1)— invariant metrics on S n+1 . 

Our techniques are different from those in the papers mentioned above. They rely to much lesser degree 
on the maximum principle and they do not use entropy monotonicity formulae. Our main point is that we 
do not fix the time-dependent scale in the self-similarity (collapse) variables but let its behaviour, as well as 
behaviour of other parameters (b and c), be determined by the original equation. Then we use a nonlinear 
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Lyapunov- Schmidt decomposition (the modulation method) and the method of majorants together with 
powerful linear estimates. We expect that our techniques can be extended to non-axisymmetric surfaces and 
to Ricci flows. 

This paper is organized as follows. In Section [3] we prove the local well-posedness of Equation ( [T|) in 
the space (x)L°° which is used in this paper. In Sections [3][5] we present some preliminary derivations and 
some motivations for our analysis. In Section [51 we formulate a priori bounds on solutions to |T]). In Section 
[5] we use these bounds and a lower bound proved in Section [7] to prove our main result, Theorem ll.il A 
priori bounds of Section [5] are proved in Sections [TUl [T5l 

For any functions A and B we use the notation A < B to signify that there is a universal constant c 
such that A < cB. 
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2 Local Well-posedness of ( [T]) 



In this section we prove the local well posedness of ([1} in the space adapted to our needs. The result below 
is standard (cf [II [H [5].) 

Theorem 2.1. If uq(x) G (x)L°° and uo(x) > Cq for some Cq > and <9™uo G L°°, n = 1, 2, 3, 4 then there 
exists a time T = T(Co,Uq) such that for any time < t < T, fQP has a unique solution G {x)L oc 

with u(x,0) = uq(x), u(x,t) > Hg- and d™u(-,t) G L°° ,n — 1,2,3,4. Moreover, ift* is the supremum of such 
T(kq, wo) then either t* — oo or \\ ||oo — > oo as t — * i*. 



Proof. First we consider the equation 

d t ui = gi(d x ui)dlui- (d-l)g 2 {u 1 )u 1 



(10) 

ui(a;,0) = it (a;) 



where g\ and gi are strictly positive and smooth functions satisfying the conditions 
and 



iqij^ if s < lOllc^ttoll 



if s > 20||9 x it | 



'.3C ; 



9i{s) :-- 



1 ifs<±C Q . 



By standard results (see [27]) there exists a time T > such that ( fT0|) has a unique solution iti (x, t) in the 
time interval t G [0, T] such that u\ > ^Cq and <9"ui(-, i) G L°°, n — 1,2, 3, 4, and ||9 x ui(-,t)|| 00 < 2||9 a: wo||oo- 
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Moreover by the definition of g\ and gi we have that for this solution 

9l{dxUl) = i + (i«i) 2 ' 92{ui) = 4' 

in the time interval t S [0,T]. Thus u(x,i) — ui(x,t) is a solution to ( []} and satisfies all the conditions of 
the theorem. □ 



3 Collapse Variables and Almost Solutions 

In this section we pass from the original variables x and t to the collapse variables y :— X (t)(x — Xo(t)) and 
t := J A~ 2 (s) ds. The point here is that we do not fix X(t) and Xo(t) but consider them as free parameters 
to be found from the evolution of {!]). Suppose u{x,t) is a solution to (fTJ) with an initial condition uo(x), 
which has a minima at x — and is even with respect to x = 0. We define the new unknown function 

v(y,T) := A-^Mz.t) (11) 
with j/ := A _1 (i)x and r := J Q A -2 (s)<is. The function v satisfies the equation 

d T v = ( — 1 3„ 2 - oy^ + a)« - — , (12) 

where a :— — \dt\- The initial condition is v(y,0) = A " 1 mo(Ao2/), where Ao is the initial condition for the 
scaling parameter A. 



If Ao = 1, then the initial conditions for u given in Theorem 11.11 implies that there exists a constant 
8 such that the initial condition vo(y) is even and satisfy for (m,n) = (3,0), (11,0), (1,2) and (2,1) the 
estimates 

\\v (y) ( ^-W )!,! < CE ^ t 

(13) 

v (y) > g(y,e ), 

(y)-^ S L°°, d y v S \d y v v^\ < Ko ej, |^« | < ^o£o /2 , n - 2,3,4, for some C, k > 2, \ < ^ < 2 
and £o < (5. 

If the parameter a is a constant, then (|12[) has the following cylindrical, static (i.e. y and r-independent) 
solution 

,d — 1 . i , . 

5 - 14 

a 

In the original variables t and x, this family of solutions corresponds to the homogeneous solution of ( |T|) 

2 

with the parabolic scaling A 2 = 2a(T — t), where the collapse time, T := 2 {d-i) ' ^ s determined by Uo, the 
initial value of the homogeneous solution Uhom{t)- 

If the parameter a is r— dependent but \a T \ is small, then the above solutions are good approximations 
to the exact solutions. A larger family of approximate solution is obtained by solving the equation ayv y — 
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av + = 0, which is derived from (fl"2")) by neglecting the r derivative and second order derivative in y 
(adiabatic, slowly varying approximation). This equation has the general solution 

,2(d- 1) + W\i 
v bc := (- '- )* (15) 

c 

for all b € K and for c = 2a. In what follows we take b > so that V(, c is smooth. Note that uo,2a = v a . Since 
Vic c = 2a, is not an exact solution to ( IT2]) we should leave the parameter c free, to be determined by the 
best overall approximation. Jumping ahead, it turns out that a convenient choice of c is c = a + | . Thus 

we introduce V^y) := v ba+ i(y) = ( 2 ^~Vi" ha Note that this function is not a solution to the equation 

ayd y v - aw + = 0. 



4 "Gauge" Transform 



In order to convert the non-self-adjoint linear part of Equation (|12[) into a more tractable self-adjoint one 
we perform a gauge transform. Let 

" .2„ 



u>(y,r) := exp--j/*i;(j/ ) T). (16) 



Then to satisfies the equation 



drw = ( TT ^A - + - exp-^ 2 ^, (17) 

where lj 2 = a 2 + a T . The approximate solution Vb c to (|12p transforms to w a fc c where w a b c := Wf, c exp — ^y 2 , 
explicitly 

,2(d- l) + by 2 .i a o . , 

Vabc-=(- ^^exp--y 2 . 18 

c 4 

As was permitted above we will choose c = a + | . 

Note that the linear part of Equation ( ITT)) is self-adjoint in the space L 2 (M, dy). Hence it is natural to 

ay 2 

consider the linear part of Equation ([12]) in the space L 2 (R, e~^~dy). 



5 Reparametrization of Solutions 

In this section we split solutions to Equation (|12p into the leading term - the almost solution V a t - and a 
fluctuation r\ around it. More precisely, we would like to parametrize a solution by a point on the manifold 
M as :— {V a b | a, b € < e} of almost solutions and the fluctuation orthogonal to this manifold (large 

slow moving and small fast moving parts of the solution). We equip M as with the Ricmannian metric 

(r),r) ) := J i]?] e V ~dy. (19) 

For technical reasons, it is more convenient to require the fluctuation to be almost orthogonal to the manifold 
M as . More precisely, we require r\ to be orthogonal to the vectors 1 and (1 — ay 2 ) which are almost tangent 
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vectors to the above manifold, provided b is sufficiently small. Note that r\ is already orthogonal to y/ay 
since our initial conditions, and therefore, the solutions are even in x. 

The next result will give a convenient reparametrization of the initial condition Vo(y) '■— \q Uo(\ay). 
Recall the definition V ab ■= v bc \ c _ a+ i = J^l^ )^ ■ We define a neighborhood: 

Ueo :={v£ <y) 3 £°°(M) I \\v-V ab \\ 3 , Q <Z:bfoT some a e [1/4,1], b e (0, e ] }. 

Proposition 5.1. There exist an cq > and a unique G 1 functional g : U eo — > R + x R + , such that any 
function v € U eo can be uniquely written in the form 

« = + V, (20) 

ay 2 

with T] A- 1, 1— ay 2 mI 2 (R,e"~di/), (a,&) =g(v). Moreover, £/(ao,&o) € [|,l]x(0,eo] and ||« — V^ a ,b II 3,0 <C 
bo, then 

\g(v)-(a ,b )\<\\v-V aobo \\ 3 , . (21) 

Proof. Let X := (y) 3 L°° with the corresponding norm. The orthogonality conditions on the fluctuation can 
be written as G(/z, v) = 0, where /1 = (a, 6) and G : R + x R + x X — > R 2 is defined as (we use the Riemannian 
metric ([IS])) 

- 1) 



(y - Vj 1 _ ay 2) 



Using the implicit function theorem we will prove that for any /iq := (<zo,bo) € [jj 1] X (0,eo] there exists a 
unique C 1 function <? : [/ Mo — > R + x R + defined in a neighborhood [/ po C X of V^ such that G(g(v), v) = 
for all v S f/^ . 

Note first that the mapping G is G 1 and G(/io,Vjj n ) = for all /j,q. We claim that the linear map 
dfj,G(fj,o, Vfj, ) is invertible. Indeed, let £? e (V^ ) and B$(ijlq) be the balls in X and R 2 around V^ and /xo and 
of the radii e and 5, respectively. We compute 

d„G(jjL,v) =A 1 ( t x)+A 2 ( f x,v) (22) 

where 



- I. <3„V M , 1 - ay 2 ) (d b V„ 1 - ay 2 ) J 



and 



Ao(uv)---( ^-^y 2 ) 

2 ^' V) - i{ (V»-v,{l-ay*)y 2 ) 
For 6 > and small, we expand the matrix Ai in b to get A\ — G\ + 0(b), where the matrices Gi is defined 



as 

Gi 



-i(a+i)-^(l,l) srfu^.l) 
.i( a+ i)-3/2 (1)1 _ ay2) _^ (l/a>1 _ ai/a> 



Obviously the matrices Gi has uniformly (in a € bounded inverses. Furthermore, by the Schwarz 

inequality 

P2(/*,V)II < ||W- KfeHx. 
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Therefore there exist eo an d £i s.t. the matrix 3 M G(/i, v) has a uniformly bounded inverse for any v £ B ei (V^) 
and [i € [j, l]x (0, eo]- Hence by the implicit function theorem, the equation G(/x, u) = has a unique solution 
/i = g{v) on a neighborhood of every [i, 1] x (0, eo], which is G 1 in u. Our next goal is to determine 

these neighborhoods. 

To determine a domain of the function /i = g(v), we examine closely a proof of the implicit function 
theorem. Proceeding in a standard way, we expand the function G(/i,v) in \x around /io : 

G{p,, v) = G(fio,v) + d^G(fi , v)(fi - fi ) + R(n, v), 

where R(fi,v) = O — A*n | 2 ) uniformly in v € X. Here |/i| 2 = \a\ 2 + \b\ 2 for [i = (a,b). Inserting this 
into the equation G(ji,v) = and inverting the matrix 9 /J G(/xo,w), we arrive at the fixed point problem 
a = & v (a), where a :— \i — ho and := —d^GijiQ, v)^ 1 [G(ho, v ) + R{h> v )]- By the above estimates 

there exists an ei such that the matrix d^G(no, is bounded uniformly in v e £? Cl (V^ ). Hence we obtain 
from the remainder estimate above that 

\® v {a)\<\G{^v)\ + \a\ 2 . (23) 

Furthermore, using that d a § v (a) — — 9 m G(/zq, v)~ 1 [G(fj,, v) — G(h>o,v) + R(fi,v)] we obtain that there exist 
e < ei and S such that ||d Q 3>„(a)|| < \ for all v S B e (V^, ) and a G Bs(0). Let fi = (ao,b ). Pick e and 
5 so that e <C <5 <C min(bo,ei) <C 1. Then, for all u G B e (V^ ), is a contraction on the ball i?^ (0) and 
consequently has a unique fixed point in this ball. This gives a C 1 function [i = g{v) on £? C (V^ ) satisfying 
| /j, — /j-o I 5: 5- An important point here is that since e <C &o we have that 6 > for all V a b € B e (V^ ) (we use 
here that |6' - 6| < £||(y)~ 3 04f,- - Kb)||co)- Now, clearly, the balls B t {V^ a ) with fi e x [0, e ] cover 

the neighbourhood U eo . Hence, the map g is defined on U eo and is unique, which implies the first part of the 
proposition. 

Now we prove the second part of the proposition. The definition of the function G(/z, v) implies G(no, v) = 
G(fio,v- V^ ) and 

|G(Mo,«)l<ll(y>- 3 («-^o)IU. (24) 

This inequality together with the estimate (I23|) and the fixed point equation a = <fr v (a) , where a = fi ~ Ho 
and (j, — g(v), implies \a\ < \\(y)~ 3 (v — V^ )||oo + H 2 which, in turn, yields ([211 . □ 

Proposition 5.2. In the notation of Provosition \5. 11 if \\v — V^ || m n < b 2 where bo > is small and 
(m,n) = (3,0), (11,0), (2,1), (1,2), tten 

\9(v)-Ho\ <||«-V^ || 3 ,o; (25) 
IK'-n(.))l| 3 ,o<ll«-^oll3,o; (26) 
||«-^(»)IU',t.' S&T^ (27) 

wtt(m / ,n') = (ii,0) ) (1,2), (2,1). 

Proof. Equation ( [2Tj) implies ( [25)) with /io = (a>o,bo). Moreover we observe 

||«- V^jlko < 11^-^113,0 + 11^(^-^113,0 

< ||«-V^ || 3 ,o + lMo-g(u)| 

< llw-V^Iko 
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which is 

For Equation ( YF!\ we only prove the case (m',n') — (4i,0), the other cases are proved similarly. We 
write 

\\v- V g{v) \\^ >0 < \\v- V„ \\u. fi + II V g ( v) -V„ || ii >0 - 
By the definition of V a ,b we have 

||^ W -^ ||u, <|9H-Mo|6o A - 

This together with ( 125)) implies 

||^(v)-V w || Si0 <6?. 

Using ||« - V^J 11 < bf we complete the proof of (EZ} for (to', ra') = (^,0). □ 

Now we establish a reparametrization of solution u(x, i) on small time intervals. In Section[5]we convert 
this result into a global reparametrization. In the rest of the section it is convenient to work with the original 
time t, instead of rescaled time r. We denote I to .$ := [to, to + S] and define for any time to an d constant 
S > two sets: 

A t0tS :=C x {I t0 , s ,[-^ 1]) and B to , s , eo := C x {I to<5 , (0, e ]) 

where, recall, the constant eo is the same as in Proposition 15.11 

Denote u\(y,t) := X (t)u(X(t)y,t). Suppose u(-,t) is a function such that for some Ao > 

sup b- 1 (t)\\u x (;t)-V a{t)Mt) \\ 3fi <l (28) 
teh ,s 

for some a S ^4t ,5, & G St 0i 5 !£Q , and A(i) satisfying A(io) = Ao and — X(t)dtX(t) = a(t). We define the set 

W toAeo , Ao := S C x {I t0t5 , (y) 3 L°°) | (HID holds for some a(t),b(t)}. 

Proposition 5.3. Suppose u <E Ut ,d,e ,\ an< ^ ^ 1- T^en t/iere exists a unique C 1 map g# : Ut ^^ .\ a ~ * 
At ,s x Bto,5,e , such that for t <E It .8, u(-,t) can be uniquely represented in the form 

ux(y,t) = V g#{um (y) + ^(y,r{t)), (29) 

withr(t) := f* \- 2 (t)dt, (a(t),b(t)) = g#(u)(t) and 

(f>{; r(t)) _L 1, a{t)y 2 - 1 in L 2 {R, e'^^dy), A(t ) = A and - X(t)d t X(t) = a(t). (30) 

Proof. Recall the definition X := (y) 3 L°° with the corresponding norm. For any function a S At .s, we 
define a function 

X(a,t) := (Aq -2 / a(s)ds)i . 

J t 

LetA(a)(<) := X(a,t). Define the C 1 map G # : C^I^.s, R+) xCH/u,^)^ 1 ^^)^^^,!) X 
C 1 (!«„,*, R) as 
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where t £ It a .s, ^ = (a, b) and G(fj,,u) is the same as in the proof of Proposition 15.11 The orthogonality 
conditions on the fluctuation can be written as G#((j,,u) — 0. Using the implicit function theorem we will 
first prove that for any /Uq : = ( a o 5 &o) £ At Q ,s x Bt ,5,e there exists a neighborhood of V^ and a unique 
C 1 map 5 # : — > A ,5 x Bt ,5,e such that G#(g#(v), v) = for all w G W MQ . 

We claim that d M G#(/z, u) is invertible, provided ua(«) is close to V^. We compute 

a / ,G # (/i,u)(t) = ^G(/i(t),« A(o) (•,*)) = A(t) + B(t), (31) 

where 

A(t) := dfj,G(v, fJ>)\ v =u xw , B(t) := d v G(v, ^)k= UMa) 9 M u A(a) . (32) 

Note that in (|32p d v G(fi, w)| t , =tlA(a) is acting on d^u\^ a ) as an integral w.r. to y. We have shown in the proof 
of Proposition 15.11 that the first term on the r.h.s. is invertible, provided U\( a ) is close to V^. 

Now we show that for S > sufficiently small the second term on the r.h.s. is small. Let v := U\r a y 
Assuming for the moment that v is differentiable, we compute d a v = d a (X)X~ 1 [~ v + yd y v]. Furthermore, 
d a (X)a = — A _1 (i) J* a(s)ds. Combining the last two equations together with Equation ( I32p we obtain 

[B(t)a](t) = - J B(t)(y)(-v + yd y v)(y,t)dy A~ 2 (t) J a(s)ds. 

Integrating by parts the second term in parenthesis gives 

[B(t)a](t)=X- 2 (t) J a(s)ds J (1 + d y ■ y)B(t)(y)v(y,t)dy. (33) 

Now, using a density, or any other, argument we remove the assumption of the differentiability on v and 
conclude that this expression holds without this assumption. Using this expression and the inequality 
A(f) > \/2Ao, provided S < (4supa) _1 Ao < 1/4A 2 , we estimate 

\\B(t)a\\ L oo i[to ,t +s\) < <5A 2 |l u IU=°ll a IU-([io,to+5])- (34) 

So B(t) is small, if 5 < (Aq~ 2 ||ii||£oo) _:l , as claimed. This shows that c^G^/z, it) is invertible, provided u\( a \ 
is close to V/j,. Proceeding as in the proof of Proposition 1 5 . 1 1 we conclude the proof of Proposition 15.31 □ 

We say that A(t) is admissible on I to j if A G G 2 (7 to ,«5, R + ) and - A<9 t A G [1/4, 1]. 

Lemma 5.4. Assume u £ G 1 ([0, t»), {x) 3 L°°) and inf xe R «(•, t) > 0. Furthermore, assume there is a t £ 
[0, t*) and u\ (•, to) £ J7 eo / 2 for some Xq and for cq given in Proposition \5.1l Then there are S — S(Xq, u) > 
and X(t), admissible on It ,s, s.t. (|29p and (|30p hold on It ,s- 

Proof. The conditions u £ G 1 ([0, i*), (x) 3 L°°), inf xG H u(-, t) > and u\ (to) £ U eo /2 imply that there is a 
5 = 5(Xq,u) s.t. u £ Ut ,s,e ,\ - By Lemma 15.31 the latter inclusion implies that there is A(t), admissible on 
It ,s, A(t ) = A , s.t. and j3D|) hold on I totS . □ 
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6 A priori Estimates 



In this section we assume that u(x, t) is a solution to ( [T]) satisfying the following conditions 
(A) For < t < t# there exist C 1 functions a(t) and b(t) such that u(x, t) can be represented as 

u(x,t) = X(t)[[ — — - +<f>(y,T)} (35) 

V a(t) + 5 J 

where <j>{-,r) _L e~^ v \ (1 - a{t)y 2 )e-^ y2 (see ( Ml), V = \~ 1 (t)x and r(t) := J * A~ 2 (s)ds, 
-A(t)atA(t) = a(t). 

In the following we define estimating functions to control the functions </>(?/, t), a(t(r)) and b(t(r)). 

M m , n (T) :=msx ; p- m± 9 ±x {T)\\4)(-,T)\\ m ^ 

A(T) := max/3- 2 (r)|aWr)) - \ + J_ 6 (t( r ))|, (36) 
B(T) ^m^(3' 7/4 (r)\b(t(r))-fj(r)\. 

T<~1 

with (m,n) = (3,0), (t^,0), (2,1), (1,2) and with the function /3(r) defined as 



:= (37) 

6(0) ' d—1 



Furthermore we define a vector M as 
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M:=(M W ), (*,i) = (3,0), (-,0), (1,2), (2,1) (38) 

and its sum |M| := ^ ■ Mij. 

We say that a polynomial P(M, A) is monotonically nondecreasing if P(M\, A\) > P(M2, Aq) whenever 
Ai > A 2 and M$ > M$ for all with Mi := (M$), M 2 := (M$). In what follows the symbols 
P(M, A) and P(M) to stand for different monotonically nondecreasing polynomials of the vector M and the 
variable A. 

In this section we present a priori bounds on the fluctuation proved in later sections. 

Proposition 6.1. Suppose that u(x,t) is a solution to (\^\) satisfying Condition (A) and its datum uq(x) 
satisfies all the conditions in Theorem \1.1\ excevt the ones in Statement (4). Let the parameters a(t), b(t) 
and the function </>(y,r) be the same as in ( \S5)) . Then there exists a nondecreasing polynomial P(M, Z) of 
the J^-vector M and variable A such that the functions a, b and <f> satisfy the estimates 

B(t)<1 + P(M(t),A(t)), (39) 

Mt) < A(0) + 1 + P(0)P(M(t),A(t)), (40) 

M 3 ,o(r) < M 3 ,o(0) +^(0)P{M(t),A(t)), (41) 
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Mu (0 (r) < M ¥o >0 (0) + M 3>0 (t) + (O)P(M(r) , A(r) ) , (42) 

M v (r) <M 2>1 (0)+M 3 ,o(t)+/3*(0)P(M(t),A(t)), (43) 

Mi, 2 (r) < Mi, 2 (0) + M 3 , (r) + M 2)1 (r) + /3*(0)P(A/(r), A(r)), (44) 
/or any t G [0, r(t#)] provided that v(y,r) > jy l /2(d — 1) 



v(-,r) G<y)Z°°, ^(-,r), <?>(•, r) G L°°, \M(t)\ and A(t), P(t) < /T^t) 
in the same interval r G [0, t(£#)]. 

The proof of Equations (EH]) and (HOD is given in Section [TDJ Equation (HI]). (H2"|). fl33"]) and ( [Hf are 
proved in Sections [T^l H31 HH and [15] respectively. 

Corollary 6.2. Lei </> &e defined in ( \35)) and assume |M(0)|, A(0), B(0) < 1. Assume there exists an 
interval [0, T] smc/i £/iai for r G [0, T], 

\M{t)\,A{t), B(t) < 0-*(t). 
Then on the same time interval the parameters a, b and the function 4> satisfy the following estimates 

\M(r)\, A(t), B(t) < 1. (45) 

Proof. By replacing M 3) o(t), M 2 ,i(t) on the right hand sides of fB ^ -fli!] ) by the estimates fl3T ]) f 133" ]) we 
rewrite Equations (HT] ) -( I33 ]) as 

A(j) + \M(r)\ < A(0) + 1 + |M(0)| + p/»(0)P(\M (r)|, A(r)) 

with P being some polynomial. This implies ( |4"5"]) by the assumptions on |M(0)|, A(Q) and P(0). □ 

7 Lower and Upper Bounds of v 

In this section we prove lower and upper bounds for v defined in ( ITTj) . The main tool we use is a generalized 
form of maximum principle from [27j . 

Lemma 7.1. Suppose u(y,r) is a smooth function satisfying the estimates 

Ut - a (y,T)u yy - [ai(y,r) + m(T)y\u y - a 2 (y,T)u < 0; 
(l/rVtf.TjeL 00 ; 

u(y, 0) < if \y\ > c(0) and r) < i/ r < T and \y\ = c(r) (46) 
for some smooth, bounded functions ao, a±, a 2 , m, c, suc/i i/iai ao(y, r) > and c(r) > 0. TVien /or any r < T 

u(y,T)<0if\y\>c(T). (47) 

Moreover, if we replace the condition ( \46\ ) by the condition that u(y, 0) < for any y, then instead of ( \47\ ! 
we have u(y, r) < 0. 
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Proof. In what follows we only prove the estimate for the region \y\ > c(r), the estimate for y £ R is almost 
the same. We start with transforming the function u so that the standard maximum principle can be used. 
Define a new function w by 

e KT (z)w(z,T) := u(y,r) (48) 

with z := ye$o m ( s ) ds anc l the scalar k to be chosen later. Then w is a smooth, bounded function satisfying 
the inequality 

w t — a 3( z : t)w zz — a^{z, t)w z — a$(z, t)w < 
for some bounded, smooth functions 03, 04, 05 and especially 03, a§ > by choosing appropriate k. Moreover 

tofoO) < for \z\ > c(0), and w(z, r) < for r < T, \z\ = c(r)e^ m(s)ds . 

By the standard maximum principle we have 

w(z,t) < if r < T and |z| > c(r)e^ m(s)ds . 

This estimate and the relation between w and u in ( |48|) imply the desired result in the case \y\ > c(r). □ 

Recall the definition of function g(y,/3) from (jHJ). The following proposition plays an important role in 
our analysis. 

Proposition 7.2. Assume v satisfies Condition (A) in Section v(y, 0) > g(y,bo), v(y,0) £ (y)L oc , 
\d y v{y, 0)v~ 1 / 2 (y, 0)| < ko/3 1 / 2 (0) and |<9™i>(w, 0)| < «o/3^(0), n = 2,3,4, and assume there exists a time 
T (t#) > n > such that for any r < t\, |M(t)|, A(r),fl(r) < [3~*(t) and 

v(-,r) £ (y)L°°, dyV(>,T), d 2 y v(- lT ) £ L°°, andv{y,T) > c(r) (49) 

for some c(r) > 0. Then we have 

v(y,T)>g( V) f3(T)), \v-Hy,r)d y v(y,T)\<f3Hr), \d^v(y, r)| < ft (r), n = 2,3,4 (50) 

on i/ie same interval. 

Proof. We start with proving the first estimate in ( 150)) by verifying that the equation for v satisfies all the 
conditions in Lemma 17.11 Since M^q{t), A(t), B(t) < f3~i(r) and v(y,r) — ( 2 ( d ~^+b(r)y \ 2 ^_ ^y^^ 
we have 

v{yi,r) > g(yi, r) (51) 
for yi satisfying |/3yf| < 20(d- 1) and r e [0,n]. 

On the other hand we observe that a — ^ — [3 + 0(f3%) by the assumption on A(t). By a direct 
computation we have that on the domain [0, t%] x {|/3y 2 | > 20(d — 1)} 

H(g) < and H(v) = (52) 

where the map H (g) is defined as 

H(g) = g T - : 9m * + ~ — - + a V d y9 - a 9- 

l +9y 9 



14 



In order to use Lemma 17.11 derive an equation for g — v. By the forms of H(g) and H(v) there exist 
functions b n , n — 1, 2, 3, such that 

dr(g -v)- bxdl{g - v) + ayd y (g - v) - b 2 d y (g - v) - b 3 (g - v) = H(g) - H{v) (53) 

where b\ > and b n , n = 1,2,3, are bounded functions. 

Equations (l5~l j) -( l53")) . the condition f |4"5)) and the assumption v(y, 0) > g(y, bo) enable us to use Lemma 
17. li on the equation for g — v. This leads to the inequality 

v{y, t) > g(y, f3(r)) if Py 2 > 20(d - 1). (54) 

For the region f3y 2 < 20(d — 1) we use the estimate ( [BTjl . which together with ( |54|) yields the first 
estimate in ( [50|) . 

Now we prove the estimate on d y v. Differentiating Equation ( I12p we obtain an equation for d y v. However 
this equation is not accessible directly to a maximum principle. To overcome this problem we use the fact 
that v is large for large \y\ which is proved above and use instead the equation for v~zd y v. We define a new 
function h(y,T) :— v^(y,r). Then d y h = ^v~^d y v satisfies the equation 

fC{d y h) = 0, 

where the map IC(x) is defined as 

TO - U~ mkr&vX + T~ r+C)^ ~ A I+jfcF^x + ayd yX + fx 

3(d— 1) . 1 3 , 8 5 

On the other hand since § > ^ implied by the assumption on A, and h 2 — v > \\J d — 1 on the region 
/3y 2 > 20 (d - 1), we have that 

K(k $) > and K{-K ^) < 

provided that 6(0) > 0, (and therefore /3(r) < &(0)), is sufficiently small. Recall that the constant «o > 2 
defined in Theorem 11.11 Moreover, by the assumption M2,i < we have 

-k /35(t) < d v h{y,T)\(}( T)y2 =20(d-i) < KgP^{t). 
By the condition on v(y, 0) we have that 

-k /3*(0) < d y h(y,Q)\i3(o) V 2>20(d-i) < ko/?*(0). 

Lastly we derive equations for d y h ± /co/3 1//2 from K{d y h) — JC^kqP 1 ^ 2 ) whose proof is almost identical 
to (|53|), thus omitted. 

Collecting the facts above and using that h — y/v, we have by Lemma 17.11 the second part of ( [50)1 . 
By almost the same reasoning on the equation for d 2 v we prove that \d 2 v\ < /3. 

Next, we present the proof of the estimate on d y v. The estimates for d y v is easier, thus omitted. We 
compute to get 

W(8 3 y v) = 91 
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where the map W(h) is defined as 



W(h) := d T h - - 1 df.h - gid v h + ayd v h + 2ah - - 1 h + M ^. vV . r ,,„ h 2 - g 3 h, 

l+V* 11 V Z [I + (Vy) Z \ Z 



where 54 is a function of d 7 y l v, n = 1,2, 3, and g\, g 3 are functions of v 2 d y v and d 2 v. Moreover 
.94 G | 53 | </?*, gi=gi(^,d%v) satisfies Wg^ < k^ 3 

for some constant k > by the facts 9™w € L°°,n = 1,2,3, and their various estimates above. Recall that 
\\dyV (•, 0)||oo < ^o/3 3 / 2 (0) for some kq > 0. We define a new constant k,\ := max{/-co, «}• By the assumption 
on A we have —2a — +53 < — 3 hence 

iy(2Ki/3 3 / 2 ) > and W(-2 Kl (3 3 ^ 2 ) < 0. 

As in ( I53[) we derive equations for d 3 v T 2ki/3 3 / 2 from W(d 3 v) - W(±2k 1 I3 3 ^ 2 ), on which we use the 
maximum principle to have the estimate for d 3 v . 

The proof is complete. □ 
The following proposition is used in the proof of the statement (4) of Theorem 11.11 We define a function 

g as 

vd 2 v _ u (x, t)d%u(x , t) 

1 + {dyvf ~ 1 + (d xU y 

where the last equality follows from the definition of v. 



e(y> r) ■■= , , ;r.,„ - v, rr.:S ' ( 55 ) 



Proposition 7.3. Suppose that v satisfies all the conditions in Proposition \7.2\ The we have 



\Q(y,r)\<Af3(r)forye[~,^] (56) 

and if vgdyVQ > —1 then 

g(y,T)>-lforPy 2 >2(d-l). (57) 

Ifp(-,0) <d-l then 

p(;r)<d-l. (58) 

Proof. Recall that v(y,r) = V a ,b + 4>{Ut t ) with \<fi(y,T)\ < (3* (y) 3 by the assumption on M^fi < (3~i. This 
implies ( l56| and that g(y,r) > —1 when (3y 2 = 2(d — 1). 

We use the maximum principle to prove ( I57p . First we derive an inequality for the function w :— 

d'iuu 



1. We show below that 



y«H = (59) 

where the linear mapping y u is defined as 

1)/n o, 1 „ 2 / , 2d xU r d 2 x uu 2(d x u) 2 
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where the function \ is defined as x( x jt) '■= i+^u)' 1 ~ (d — !)• Recall that w{x,t) = g(y,r) + 1 > if 
(3(T(t))y 2 = 2(d — 1) or t = 0. Using the maximum principle Lemma 17.11 on ( [55)1 we have that w > for 
/3y 2 > 2(d-l), which is ( |57|) . 

Now Equation (EHJ) follows from considering JC u {x{-,t)) — JC u (—d), as in ([53]), and the observations that 

£„(x(-,i)) = 0and /C u (-d) = 

where the map /C n is defined as 

1 2<9 u 2(9 u) 2 

K ^ h) ■= dtk - l + {d x uf dlk + u{l + (d x uY) {h + d)dxk u 2 {l + \d x uY) {h + ^ 

The proof of ( [55)) is similar by using the observations 

/C u (x(-,t))=0and £ u (0) = 

and the initial condition %(-, 0) = p{-, 0) < 0. 

This completes the proof of Proposition 17.31 □ 

8 Proof of Main Theorem 11.11 

Choose bo so that Cb\ < ^e^ with C the same as in © and with eo given in Proposition 15.11 Let 
v o(y) : = Ag 14q(Ao2/). Then v a £ Ui eQ , by the condition §§§ on the initial conditions with (m,n) = (3,0). 
Hence Proposition 15. II holds for vo and we have the splitting vo = V^(„ ) + r/Q. Denote g(vo) =: (a(0), b(0)). 

Furthermore, by Lemma [5.41 there are Si > and Ai(i), admissible on [0, Si], s.t. Ai(0) = Ao and 
Equations (|2"!i)) and (f3"0")) hold on the interval [0,<5i]. Hence, in particular, the estimating functions M(t) = 
(^m,»W)i (m,n) — (3,0), (jjjjO), (2,1), (1,2), A(r) and -B(r) of Section 5 are defined on the interval 
[0, Si]. We will write these functions in the original time t, i.e. we will write M(t) for M(r(t)) where 

r(t) = /oAr 2 (s)^. 

Recall the definitions of /3(r) and k are given in ( [37)) . By the relation /3(0) = 6(0), Equation ( [9]) and 
Proposition [5j2j -4(0), |M(0)| < 1, while B(0) = and v (y) > g(y,b ), by the definition. We have, by 
the continuity that for a sufficiently small time interval, which we can take to be [0, Si], Condition (A) in 
Section [6] holds and 

\M(t)\, A(t), B{t) < /8-4(r(t)), and u Al (-,i) > ^2(d~l), (60) 

the last fact together with Theorem 12.11 and the initial conditions implies that 

v(;T)e(y)L°°, d y v(;r), 9>(,r)er. 
Then by Proposition 16.1) Corollary 16 . 21 we have that for the same time interval 

|M(t)|, A(t), B(t)<l, sDdu Xl (.,t)>g(y,0(r)). (61) 
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Equation ([HI]) implies that u\ 1 (-,Si) <G U ta /2 and uai(-,<5i) > g(y, P(r(t))) (indeed, by the definition of 
^3,o(*) we have \\u\ 1 (-,t) — V a ^),b(t)\\3,o < M 3y0 (t)b 2 (t)). Now we can apply Lemma [5. 41 again and find 8-> > 
and \2{t), admissible on [0, Si + <$ 2 ], s.t. A 2 (i) = Ai(i) for £ G [0, Si] and Equations (|2T)j) and (150)) hold on the 
interval [0, <5i + <5 2 ]. 

We iterate the procedure above to show that there is a maximal time t* < i* (the maximal existence 
time), and a function A(t), admissible on [0,t*), s.t. (f2U)) and ([50)) and (pTjl hold on [0, £*). We claim that 
t* = i» and < oo and, consequently, X(t*) = 0. Indeed, if t* < and X{t*) > 0, then by the a priori 
estimate u\{t) € U eQ / 2 and u(x,t) > j\(t)y/2(d — 1) for any t < t* . By Lemma T5.41 this implies that there 
is S > and \#(t), admissible on [0, t* + 5], s.t. and §U§ hold on [0, t* + S] and A # (i) = A(t) on [0, t*), 
which would contradict the assumption that the time t* is maximal. Hence 

either t* = U or t* < U and X(f) = 0. (62) 

The second case is ruled out as follows. Using the relation between the functions u(x,t) and v(y,T) and 
Equation ( I61|) we obtain the following a priory estimate on the (non-rescaled) solution u(x,t) of equation 

u(x,t) > \(t)g(y,p(T(t))) > A(t)jV2(d-l). (63) 
Moreover by (35]) and the fact || (y)~ 3 0(y, r(t))||oo < fe 2 (i) implied by M x < 1, 



u(0,i) < \{t) 



2(d-l) 



Cb{tf 



0, (64) 



c(t) 

as t t t*, which implies that t* > and therefore t* = i* is the collapsing time as claimed. 

Now we consider the first case in f [62|) . In this case we must have either t* = t» = oo or t* = < oo and 
A(f*) = 0, since otherwise we would have existence of the solution on an interval greater than [0, t*). Finally, 
the case t* — t» = oo is ruled out in the next paragraph. This proves the claim which can reformulated as: 
there is a function A(i), admissible on [0, t*), i* < oo s.t. (|29[) and ([50)) and (fBT]) hold on [0, i„) and A(t) — > 
as i > . 

By the definitions of A(t) and i?(i) in and the facts that B(t) < 1 proved above, we have that 
a(t) -\ = -_i_6(t) + 0(/? 2 (r(t))), 6(i) = /?(r(i))(l + 0(M(r(t)))), (65) 

where, recall, r = r(t) = f*\~ 2 (s)ds. Hence a(t) — | = 0(/3(t)). Recall that a = — A<9 t A, which can be 
rewritten as X 2 (t) = A 2 , — 2 J Q a(s)ds or A(t) = [A 2 , — 2 L a^ds] 1 / 2 . Since |a(t) — || = 0(b(t)), there exists 

a time t* < t** < oo such that A 2 , = 2 J Q a(s)ds, i.e. A(t) — > as £ — > £**. Furthermore, by the definition 
of r and the estimate \a(t) — h\ = 0(b(t)) we have that r(t) — > oo as t — > £** (precise expressions are given 
in the next paragraph). Since X(t*) = we must have t* = t**. Thus we have shown that t* < oo. 

This completes the proof of Statement (1) and (2) of Theorem 11.11 

Now we prove Statement (3) of Theorem 11.11 which establishes the asymptotics of the parameter func- 
tions. Equation ( [65]) implies b(t) — > and a(t) — > i as t — ► t*. By the analysis above and the definitions of 
a, r and f3 (see (|3"T|) ) we have 

A(i) = (t* - tf/ 2 {l + o(l)), r(t) = -in|t* -t\(l + o(l)), 
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and 



^ = - (d-l)^-*| (1 + ° (1)) - 



This gives the first equation in ([6]) . By ( [65]) and the relation c = a + | we have the last two equations in 
([6]). This proves Statement (3) of Theorem 11.11 

Now we prove the fourth statement of Theorem 11.11 First we show for i / lim t __, t u(x, t) > 0. We 
transform ([1]) as 

d ^= U"ff,2 -( d -^ 1 - (66) 
1 + (o x u) z u 

By the estimate ( I56p and the definition g(y, r) := i + (q u y we have that 

1 



d t u(0,t) < [4/3(0) - (d - 1)] 



u 2 {0, t) < u 2 (0, h) - 2[{d - 1) - 4/3(0)](i - ti). 
This together with the fact u(0,t») = yields 

u 2 (0,^) 

2[(d-l)- 4/3(0)]- (6?) 

On the other hand if a fixed x\ ^ satisfies A~ 2 (i)/3(r(i))iz; 2 = /3(r)y 2 > 20(d— 1) for £ = tj, and therefore 
for all t > t x then by (ESI (EJ) and ([66]) we have 

d t u(x 1 ,t) >- 



u(xx,t)' 
or 

u 2 {x u t) >u 2 (x 1 ,t 1 )-2d(t-t 1 ). (68) 

Now we compare u(xi,t\) and u(0,ti) to see that u(0,t) goes to zero first. Recall that u(x,t) = X(t)v(y,T) 
and v(y,r) has the lower bound g(y 7 b(r)) defined in ([5]), moreover the estimate M 3 , < 1 implies u(0,i) = 
X(t)v(0,T(t)) < \(t)2Vd- 1, thus we have 

> 2u(0,ti). (69) 

Equations ( [67])- ( [69]) and the fact d > 2 yield for any t < t* 

i, , 3d- 4 -16/3(0) 2/ „ , x „ 

u - d - l- 4/3(0) " " > ° 

i.e. there exists a constant u*(xi) > such that u(a;i,i) > u*(a;i) before the collapsing time, i.e. t < t*. 

Moreover, by the fast decay of X(t) and slow decay of /3(r(i)) we have that for any x\ ^ 0, there exists 
a time t\ such that \~ 2 {t)(3{T{t))x\ = /3(r)y 2 > 20(d — 1) for t > t\. This implies that there exists a u*(xi) 
such that 

u(x 1 ,t)>u*(x 1 )>0 (70) 
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for any X\ ^ which is the first part of Statement (4). 

If iTrfep - (i - 1) < then by ( EHD we have d t u = [ 1+ "g" )2 - (d - < for t < t*, i.e. u(x, t) 
is decreasing in time t. This together with ( 170)) implies that lim u(x,t) exists and > for any x ^ 0. This 
proves Statement (4) and with it completes the proof of Theorem 11.11 

□ 



9 Lyapunov-Schmidt Splitting (Effective Equations) 

Lemma 15.41 and Equation ( I16|) imply that there is a time < t# < oo such that the solution w(y,r) = 
v(y,T)e~^ y2 of (TTT)) can be decomposed as: 

w = w ab + £, £J_ <f> 0ja , 2 Q, (71) 

with the functions 0o,a := (^)^ e ^2,0 := (^)^ (1 — ay 2 )e __ J~ , the parameters a, b being C 1 functions 

of t, w a b := V a t,e~% v , the fluctuation £ := e J - ^ and the orthogonality understood in the L? norm. 
According to their definition in Section [5] the parameters a, b and c depend on the rescaled time r through 
the original time t: a(t(r)), b(t(r)) and c(t(r)). To simplify the notation we will write a(r), b(r) and c(r) 
for a(i(r)), 6(t(r)) and c(i(r)). This will not cause confusion as the original parameter functions a(t), b(t) 
and c(t) are not used in what follows. In this section we derive equations for the parameters functions a(r), 
b(r) and c(r) and the fluctuation £(j/,t). 

Substitute ( l7"Tj) into ( IT?]) to obtain the following equation for £ 

r) = -L(a, &)£ + F(o, 6) + iVi (a, 6, + 7V 2 (a, 6, (72) 

where £(a, b) is the linear operator given by 



a 2 + d T a 2 3a (d-l)(± + a) 
~~ 4 ^ ~ T ~ 2(d - 1) + 6^ 



L(a, 6) := -d + y 



and the functions F(a,b), Ni(a,b,£) and N 2 (a,b, £) are defined as 

:= 2 ° XP ~ — ( ^T± } Fl + r2 2(d-l) + ^ + (73) 



with 



r 2 : = -a T fe-6( a -i + 5 A T )-£ T ; 

1 b 3 y 4 

Fl := (2(d-l)+by 2 )^ ' (74) 



N 2 (a,b,£) := -exp— |- 1+(a ^ 
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Here v is the same as in ( ITTj) and is related to £ be ( [TB]) and ( ITTj) , and we ordered the terms in F according 
to the leading power in y 1 . 

In the next three lemmas we prove estimates on the terms N±, N2, Ii, r 2 and F. These estimates will 
be used in later sections. 

Lemma 9.1. Assume v satisfies Condition (A) in Section \d[ v(y,0) > g(y,bo), v(y, 0) € {y)L°° , 

\d y v(y, 0)v~ 1 / 2 (y, 0)| < ko/3 1 ^ 2 (0) and \dyv(y,0)\ < no(3^(0), n = 2,3,4; and assume there exists a time 

T < r(t # ) such that for any r < T, \M(t)\, A(t),B(t) < /3~*(t) and 

w(-,r)G(»)i~ d y v(-,r), 9>(-,t)gL°° 



id v(u,t) > j-\/2(d — 1). TTien we raave 



1 ay 



2 



|7Vl(a ' 6 ' 01 ^ TT^ exp 4 le|2 ' (75) 

|| exp ^JVi(a, 6,0IU,« £ ^(r)P(M(r)) (76) 



/or (m,n) = (3,0), (±± 0), (2,1) 



10' 

2 

|| exp ^-JV 1 (o,6,0l| 1 ,a < P 2 [M 2 ,i + M 3 , ] + /? 5/2 M?i ; (77) 
4 10 ' u 

2 

|| (y)- 5 exp ^|-7V 2 (a, 6, OIU < /? 3 [1 + M 1)2 + M 2 2 x + Afi^M^J; (78) 
11 



and, for (m,n) = (3,0), (±± 0), (2,1), (1,2) 



|exp^|-iV 2 (a,6,0IU,n</3 21 ^ ±2 (T)P(M(T)). (79) 



Proof. By the explicit form of JVi we have 

\v\ 1 + b(r)y l 4 

The assumptions A(r), -B(r) < (r) imply that b = f3 + o(/3) and a = | + 0(/3) which together with 
the assumption on v yield ( I75|) . 

Now we prove (EHJ), {fn,n) — (3,0), (2, 1). The estimate of (m,n) — (jjpO) is similar to that of (3,0), 
and is omitted. 

We start with II exp ^JVifa, 6, Oils 0- Recall the definitions V ab = and ^/ j = 

e~ 'T , r) , the definition of TVi in ( [74]) yields 

e ^ Nl = —Vjcj?. 
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By direct computations we obtain 

2 

||exp^-JVi(o,6,Olla I o < IMkoMV^r^Hoo. 
By the definition of V a b we have 

thus, recalling the definition ( 136(1 of estimating functions, 

2 

||ex P ^^i(o ) 6,OI|3,o<i9- S ||0||a,o||^|l4j,o<^ /a M3 1 oM a>o . 

Before estimating for the pairs (1,2), (2, 1), we recall the decomposition of v as v(y,r) = V a i T \ b i r \ + 
<f>(y, t) with the function V a b admitting the estimates 

Vrt k <p-*{y)- k toraayk>0, \d^Vj\ < ^V~ b l , Hfl^lU < P* , n=l,2,3, (80) 

by the assumptions on the estimating functions A and B. Also recall the inequalities v > jy/2(d — 1) and 
1 9 y v{y,T) | ^ 2/35 (r), |9™w(?/,r)| < /^(t), n — 2,3,4 proved in Proposition 17.21 By direct computation and 

v2(y, T ) 

the recalled facts above we have 

l^exp ^^(0,6,01 < \2V- 3 d y Vm + \2V- 2 d y m + \V- 2 ^\\^\ 

< \v-w3^ + \v-i\\d y m 

consequently 

|| cxp ^(0,6,0112,1 < r^ll^lh.ill^llii.o + ^ll^llio 
< ^ 5/2 [M 2 ,iMii o + AffiJ. 

10 > 10 ,u 

The proof of ( [77)1 is more involved. By direct computation and the recalled facts in and after ( [50)1 we 
have 

|^e^JVi(o,6,0l £ F" 6 2 [|^#| + /3i|^|«- 1 + K^w- 1 ! +/9^]. 

Again by the facts in and after (EDJ) |d y 0|v~^ < \dyv\v~i + \d y V ab \v-i < 05 and |<9 2 0| < |<9 2 v| + \d%V ab \ < (3, 
which implies the estimate for the first two terms 

uyr^imjWoo + wivr^hdy^v-^u < u\\ 3 , < p 2 m 3 , . 

Similarly for the third term 

Wivr^d^fv-XjWo. < IKwr'Kl^lUI^Mloo < u\\ 2A < /? 2 m 2i1 . 

For the last term we have 

/3||<y>-Vv- 6 a ||oo S ^ /5 ll^ll|,o < /3 5/2M io- 

Collecting the estimates above we have ([77]). 
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Now we turn to ( I78[) and ( 175)) . By the definition of N 2 we have 

\exp^N 2 (a,b,0\<\d v v\ 2 \d 2 v\. 

Recall that v = V a , b + with V a , h := C^'+t 1 "* )* and := e^£. The bounds |3^4, b |, (yr^K.&l < /? 
yield 

|<»> _2 VI < (yr 2 \dyV ab \ + (y)- 2 \d y <t>\ <P + P 2 M 2A 

and 

ay 2 

which yield the estimate on {y)~ 5 e^ r N 2 (a, b, £) or Equation ([75]). 

In what follows we only prove the cases of (m, n) = (3, 0), (1, 2) of ( [79]). The other cases are similar. 
By the definition of N 2 we have 

He^a, 6,Oll3,o = IKW>" 3 ^^H S H^)^ VII^II^IU < /3 5/2 (l + M^) 

where recall the facts \dyv(y, r)| < /?7 (r), n = 2, 3, 4 proved in Proposition 17.21 and recall the definition of 
v as v(y, t) = V aj b + 0(y, r) with V^,,i, admitting the estimates 

\\82V a ,b\\co < 0* , n = 1,2,3, IKi/r^V^Hoo < £ 
By direct computation we have 

|5 2 iV 2 (a,6,OI < l^ll 1+ ^ )2 l + \9 3 v v\\d 2 y v\ + \(d 2 vf\ 
Using the estimates on dyV listed above and the estimate \\(y}~ 2 d y v\\ oc < (3 + /3 2 M 2i i we have 

II ^2 (a, 6, £) II 1,2 < ||u||o,4||u||!.i + ||«||o J 3|H|o,a + IHI§,a 
< /3 5 / 2 (l + M 24 ). 

Thus the proof is complete. □ 

Now we establish some estimates for Ti and T 2 defined after Equation ( l73f. 
Lemma 9.2. Z/|M(r)|, A(t), B(t) < 0~i(r) andv(y,r) > \yj2{d- 1) then we have 

|ri|, |r 2 |</3 3 P(Af,A) (81) 
where P{M, A) is a nondecreasing polynomial of the vector M and A. 
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(82) 



Proof. Taking the inner products of ( [72]) with the functions 0o,o := ex P "^f - an d 4*2, a '■= (fly 2 — 1) exp - 
and using the orthogonality conditions in ( I35| we have 

\{F(a,b),<fo,a)\ < Gi 

\{F(a,b),<h,a)\ < G 2 
where the functions G\, G 2 are defined as 

Gi := (\by 2 (\ + I WCI + \Nt(a,b,0\ + |iV 2 (a,6,£)|,exp-^ 2 ) 

and 

G 2 := (\by 2 Z\ + \d T ay 2 £\ + |JV x (a,6,0l + \N 2 (a,b,$\,\(ay 2 - 1)| exp -|y 2 ). 
By Equations ([75]), ( 175)1 and the assumptions on A(t) and B(r) we have that 

G X ,G 2 < \d T a\f3 2 M 3fi + P 3 [1 + M h2 + M 2 X + M h2 M 2 A + M 2 Q }. 

We rewrite the function F(a,b) in ( [75]) as 

F(a, b) = X (a, 6)^ + r 2 - ^ - ^ + r 2 ^g^ + FJ. 

where, recall, i*i is defined in ( [74]) . and x( a ,b) is defined as 

, ,2(d-l) + by 2 ,xl ay 2 

a + 2 2 4 

By using the fact that 0o,a -L 02, o we have 

\{F(a,b),<f> 0<a )\ > IT, + ^^f 2 \ - \b\QTt\ + \T 2 \) 

and 

\{F(a, b), 2 , a )|>|r 2 |- i&Kirii + |r 2 |)-b 3 , 

which together with ( 152")) implies that 

|ri|, |r 2 | < /3 3 [1 + M h2 + Ml, + M h2 M 2 tl + M 3 2 ] + \d T a\l3 2 M 3 , . 
Moreover by the definition of T\ d T a has the bound 

\d T a\<\T 1 \+f3 2 A. 

Consequently 

|ri|, |r 2 | < /3 3 [1 + Mi, a + M| (1 + ,\/, 2 .\/t, + M| >0 ] + iril^Ma.o + /? 4 AM 3 , . 
This together with the assumption that |M(r)| < P~i(r) implies ( [81]). □ 
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To facilitate the later estimates we list the estimates of F in the following lemma. 
Lemma 9.3. If A(t), B(t) < j3 _ *(t) and (m, n) = (3, 0), 0), (1,2), (2,1), f/ien 

|| exp ^-^(o, 6)|U,„ < /S^^r^M, A). (83) 

Proof. In the following we only prove the cases (m, n) — (jjj, 0), (3, 0). The proof of the remaining cases are 
similar. 

We start with (m, n) = (-ji, 0). Recall the definition of F in Equation ( l73|) . We observe that 

" X ' (2(d-l) + 6y 2 )^" 
Thus the estimates on Y\ and r 2 in ( 18 1 p imply that 

1 1 fo> " ** ( 2(d :+r' 2 ) * Pi + r 2 2(d _g +tl) , ] 1 1 oo < <\Y x \ + \T 2 \)pr*<l3%P{M,A). 
For the term F\ by similar reasoning we have 

„ , > ii „ ,2(d — 1) + by 2 . i ., . „3i 

«+ 2 

Combining the estimates above we complete the estimate for (m, n) — (■ji, 0). 
The estimate for (m, n) = (3, 0) is easier by using the observation 

ll<y)- 3 (^^)^r 1 + r 25 ^f^]|| oc . < 1^1 + |r 2 | < ^p{m,a). 

and 



a 



2 

Collecting the estimates above we complete the proof. □ 



10 Proof of Estimates (BSD- (HQ 



The following lemmas show that b and f3 are closely related. 
Lemma 10.1. If B(t) < /3~~z(t) for r E [0,T], then (\S9j) holds. 

Proof. We begin with rewriting equation (j5Tj) as 
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The first term on the right hand side is bounded by bp 2 A < f3 3 A by the definition of A. Hence we have 

<(3 3 P(M,A), (84) 



d T b + 

a — 1 



To prove ( [39]) we begin by dividing (|84|) by b 2 and using the inequality (3 < 6 to obtain the estimate 

1 1 



5 r - 



< 



(3P{M,A). (85) 



6 d- 1 

Since (3 satisfies — <9 r /3 _1 + -Aj- = 0, Equation ([85)) implies that 

|^-i)|</?P(M,A). 

Integrating this equation over [0, r], multiplying the result by and using that b < (3 and /3(0) = 6(0) give 
the estimate r 

/3- 7 /*|/3 - 6| < /3* [ [3P{M, A)ds 



which together with definitions of /3 and B implies ( |3"5]) . □ 
Lemma 10.2. If A{t), B(t) < 0~*(t) for r e [0,T], ifcen fg^) ftoZds. 

Proof. Define the quantity T := a— | + ^pj^- We prove the proposition by integrating a differential inequality 
for r. Differentiating T with respect to r and substituting for <9 T 6 and d T a the expression in terms of Ti and 
T2 (see [8Tj) and using Equation (|8ip. we obtain 

flr r + (a + i + 5 l I 6)r = -^ I55 ^ + 7 26 . 

where IZb has the bound 

|ft b | <{3 3 P{M,A). 

Let /i = exp J Q <z(s) + ^ + -r^b(s)ds. Then the above equation implies that 

fiT = T Q - [ ^ ds+ [ fxTl b ds. 
Jo {d-1) 2 Jo 

We now use the inequality b < (3 and the estimate of TZb to estimate over [0, t] < [0, T): 

|r| < M _1 r + V 1 Jo H0 1 ds + /i- 1 J Q T fif3 3 dsP{M, A). 
For our purpose, it is sufficient to use the less sharp inequality 



|r| < M _1 r(0) + /I" 1 f iif3 2 ds[l + (3(0)P(M, A)}. 
Jo 



The assumption that A(t), B(t) < (3 * (r) implies that a + | + :rzrb > \- Thus, it is not difficult to show 
that /3 _2 /i _1 T(0) < A(0) and f3~ 2 [i~ l fl /x/3 2 ds are bounded and hence 

A < A(0) + 1 + (3(0)P(M, A) 

which is (HOD. □ 
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11 Rescaling of Fluctuations on a Fixed Time Interval 



We return to our key equation ([72}. In this section we re-parameterize the unknown function £(y, r) in such 
a way that the y 2 -term in the linear part of the new equation has a time-independent coefficient (cf 

Let t(r) be the inverse function to r(t), where r(t) = L \~ 2 (s)ds for any r > 0. Pick T > and 
approximate A(i(r)) on the interval < r < T by the new trajectory, Ai (t(r)), tangent to A(t(r)) at the point 
t = T : Ai(t(T)) = X(t(T)), and a := -Ai(t(r))9 t Ai(t(r)) = a(T) where, recall a(r) := -A(t(r))<9 t A(t(r)). 
Now we introduce the new independent variables z and a as i) :— A^ 1 (t)x and cr(i) := J Q A 1 _2 (s)ds and 
the new unknown function rj(z,a) as 

Ar(t)exp ^77(2,(7) : =A(t)exp^y 2 £(y,T). (86) 

In this relation one has to think of the variables z and y, <r, r and t as related by z — j^pjU, &(t) '■= 
Jo A 1 " 2 (s)ds and r — f Q \~ 2 (s)ds, and moreover a(r) = — A(i(r))5 t A(£(t)) and a = a(T). 

For any r = 

Jo (T) A~ 2 (s)ds with t(r) < t(T) (or equivalently r < T) we define a new function cr(r) := 
Jn^ A 1 _2 (s)(is. Observe the function a is invertible, we denote by t(ct) as its inverse. We define 

rt(T) 

S:= \^ 2 {s)ds. (87) 

J o 

The new function 77 satisfies the equation 
d 



. -q{a) = -£ a r)(a) +W(a,b)rj(a) + T(a,b)(a) + M(a,M) + A/" 2 (a,6,?j) 
acr 



with the operators 
where 



and 



W(a,6) := 



£ Q := L a + V 
j - & + ^! z 2 _ 3a 

L a — 0j + — Z — , 

2(d-l)a 
:= _ 2(d-l) + /3(r(a))z 2 ' 

A 2 (d-l)(a+±) 2(d-l)a 



with the function 



A 2 2(d-l) + 6(r(a))y 2 2(d - 1) + 0(r(a))z* ' 

, , 9 ^2 ^1 n 

^(0,6) :=exp--z exp-y — F, 

and with the nonlinear terms 

A/i (0,6,17) := ^exp-f« 2 e*» a JVi(o > 6 ) 0. 

(89) 

M 2 {a,b,n) := ^exp-fz 2 e i« 2 iV 2 ( a ,6,£) 

where, recall f , iVi and -/V2 are defined after ([73]) and where r and y are expressed in terms of a and z. In 
the next proposition we prove that the new trajectory is a good approximation of the old one. 



27 



Proposition 11.1. For any t <T we have that if A(t) < (3 « (r) then 



if (*M)-l|</?(r) (90) 



for some constant c independent of r. 



Proof. By the properties of A and Ai we have 

9A^(t(r)) - 1] = 2a(r)(A( t ( r )) _ 1) + G (r) (91) 

with 

G := a - a + (a - a)(f - 1)[(A) 2 + A. + X] + (_* _ i) 2 ^ + 2] . 

A\ A\ A\ A\ A\ 

By the definition of A(t), if A(t) < /3~*(t) then 

|o(r)-a|, \a{r)-\\<0{r) (92) 



in the time interval r S [0, T]. Thus 

|G| < /3 + (A - l) 2 + |f - 1| 3 + /J| A - 1|. (93) 

Ai Ai Ai 

Observe that ^-(t(r)) — 1 = when t — T. Thus Equations ( liJTj) can be rewritten as 

^(t(r))-l = -/ e--P 2 «(*)*G( s )d s . (94) 



A 

We claim that Equations ([55]) an d ([M]) imply ([TO])- Indeed, define an estimating function A(r) as 

A(r):= sup ^ (*(«)) - 1|. 

T<S<T M 

Then ([94]) and the assumption A(r), B(t) < /3~^(t) imply 2a>\ and 

< J T T e-^^)[/3( S )+/3 2 (.s)A 2 (r) + / 3 2 ( S )A(r)]d S 

or equivalently 

/9 _1 (r)| f(t(r)) - 1| < 1 + /?(r)A 2 (r) + /? 2 (r)A 3 (r) + /3(r)A(r). 

Al 

Consequently by the fact that /3(r) and A(r) are decreasing functions we have 

A(r) < 1 + /?(t)A 2 (t) + /3 2 (r)A 3 (r) + ( 3(r)A(r) 

which together with A(T) = implies A(t) < 1 for any time r £ [0, T]. This estimate and the definition of 
A(t) imply ([90]). □ 
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Now we prove lemmas which will be used in the proofs of ( HTj) and ( W2\ . Recall the definition of the 
function v(d,t) in ( Hip . 

Lemma 11.2. Assume all the conditions in Lemma \9.1l Then for r < T we have 

||exp|z 2 7 ? (-, ( r)|| m ,„ </3 i:l± ? ±i (r(a))M miIl (T(a)); (95) 

|! exp ^z 2 Af 2 (a, b, r,)\\ m ,n < (r(a))P(M(T)); (96) 

|| exp jz 2 T(a, b)(a)\\ m , n < (3^^ (r(a))P(M(T), A(T)); (97) 

\\e^z 2 W V (a)\\ m , n <f3 m± ^(T(a))P(M(T)) (98) 
for (m,n) = (3,0), (±±,0), (1, 2), and (2, 1); 

|| exp ^N^b^Wm.n < /3 2± f ±2 P(M(T)); (99) 

for (m,n) = (3,0), ($,0), (2,1); 

||exp^ 2 iV 1 (a,6,r7)|| l!2 </3 2 [M 3 , (T)+M 2)1 (T)]+/3 5 / 2 M| . (100) 

Proof. In what follows we use implicitly that 

^(<(t)) - 1 = 0(/3(r)) and therefore ^-(*(r)), -^-(i(r)) < 2 (101) 
A A Ai 

implied by ( [90|) . and from which (z)~™ < (y)~ n , n = 1,2,3. 

Recall that e^ 1 ' 2 ^ = after ( [TTJ) . By the definitions of rj and M m , n in ([55]) and ( 131)]) we have 

||exp|z 2 77(cr)|| m: „ < ||</>(r(c7))|| m ,„ < p 1 ^ 1 ( T (a))M m , n (H^)) 

which is ( I95|) . 

The relation between A/a and iV 2 in ( 159"]) and the estimates of iV 2 in ( 179"]) imply 

||exp!z 2 A/2(a,M)|k n < II exp ^7V 2 || m ,„ < p"^ 11 ( T (a))P(M(T)) 

which is ( [55]) . Similarly we prove ( 155]) and ( I100|) . 

By the definition of T and the estimate of F in ( f83|) we have 

||expf^(o > 6)((r)|| ni , B < ||e* » 2 F(o, 6)(r(cr))|U, fl < m± ^(r(a))P(M(T), A(T)) 
which is ( [97]) . 

Now we prove (198]). Equation ( [95]) and the fact y = after ([SB]) yield 

|| exp f z 2 W7 7 ( ( r)|| m ,„ < [fii + n 2 ]|| exp f z 2 n{a)\\ m , n < (t^M^T)^ + (l 2 ] 
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with 



S2i := |- 1| + \a{T{(7)) - a\, ih := |- 



Equations ( llOip and (I92p imply that Qi < /3; the assumption on i? and its definition imply Vt 2 /? 3 
Consequently 

Collecting the estimates above we have ( l98j). □ 
Lemma 11.3. for any c\,c 2 > £/iere exists a constant c{c\,c 2 ) such that 

t-S 

exp-ci(5 - s)f3 C2 (T{s))ds < c(c l7 c 2 )f3 C2 (T). (102) 

Proof. By the definition of t(ct) we have that a = / Q t(r) X^ 2 (s)ds and r = r(er) = J* {t) \- 2 (k)dk. By ( HOT]) 
we have 

Act > t(ct) > -a (103) 
which implies — — < 4 ; 1 ; , which in turn gives 

[ ex.p-c 1 (S-s)0 C2 {T(s))ds<c(c 1 ,c 2 ) 7J ^— . (104) 

Using f [T03j) again we obtain 45 > r(5) = T > ±S which together with f fT04|) implies that 
/ S exp -ci(S - s)/? c ' 2 (r(a))da < c( Cl , c 2 )— 1 < c(c x , c 2 )/3 C2 (T). 

Hence 



/ exp-ci(5-s)/3 C2 (r( S ))ds < c(ci, c 2 )/? C2 (T) 
Jo 



which is ( [TOll). □ 

We consider the spectrum of the operator C a . Due to the quadratic term jaz 2 , the operator C a has a 
discrete spectrum. For I3z 2 <C 1 it is closed to the harmonic oscillator Hamiltonian 



L Q - a := -d 2 + -a 2 z 2 - —. (105) 

The spectrum of the operator L a — a is 

a(L a -a) = {na\ n = -2, -1, 0,1,...}. (106) 

Thus it is essential that we solve the evolution equation ( [88)) on the subspace orthogonal to the first three 
eigenvectors of L a . These eigenvectors, normalized, are 

<Po,a(z) ■= (tt) 4 ex P _ T z ' <n,<x\ z ) := \^-) 4 Vazexp--z ,<p2, a { z ) '■= i^-) 4 ^-®* ) ex P-T^ ■ ( 10 < 

2n 4 ztt 4 87r 4 
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Ct 

We define the orthogonal projection P n onto the space spanned by the first n eigenvectors of L a , 

n-1 

?^Ei^«)^.«i ( 108 ) 

771—0 

and the orthogonal projection 

P%:=l-P a n ,n = 1,2,3. 

The following lemma establishes a relation between the functions (f> := e * £ and 77 at the times a = S, 

T = T. 

Lemma 11.4. If m + n < 3 and / > then 

2 

{z )-i exp ^ P « {dz + ^z) n r,(z,S) = (y)- l d;<j>(y,T). (109) 



Proof. By the various definitions in ( [86]) we have Xi(t(T)) = \(t(T)), a(T) — a, and hence z = y and, 
e? z n(z, S) — 4>(y,T). Thus by the fact e^ z (d z + ^z)e~^ z = d z we have 



(z)-'exp^-P«(r3 2 + %z) n r,(z,S) = (tf)"' exp ^-P^ exp-^^^(y,T). (110) 



By a standard integrating by part technique, the condition £(-,t) _L (t>k,aMi k = 0, 1,2, and the definitions 
of 0/t ia above yield 

exp-f^a^.^^j, <A;<2-n, 
i.e. P„ (T) exp-^^<9"^%,T) = exp -^D^-d^iy, T) if m + n < 3. This together with f fTT0|) implies 

( □up . □ 

The following proposition provides various decay estimates on the propagators generated by — L a and 

—C 

Proposition 11.5. For any function g and times r, a with t > er > we have 

\\(z)- n exp^z 2 exp~L a aP 2 y g\\ 00 < exp (1 - n)aa\\(z)- n exp -z 2 £/-|U (111) 
wt/i 2 > 71 > 1; and f/iere exist constants cq, 5 > swc/i t/ia£ i/ /3(0) < 8, then 

||<z)-"exp|z 2 P«^(r, CT )P^|U<exp-( C0 + (n-3)a)(r-a)||<z)-"exp|z 2 5 || oo (112) 
where U n (r, <r) denotes the propagator generated by the operator —P°C a P", n = 1,2,3. 
Proof. By results of [9l [Til US] we have 

IK«)- n e** 3 e- i -'OII<»^e- | '("- 1 )|K2>-" e ** a ff || 00 , n = l,2. (113) 
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In particular by the estimate n = 1, 

Uzy'e^e-^PZgU < Uz)'^ ''P 2 a g\\oo < IK^e^fllloo. 

using the fact Pf'Pf — P 2 Q and the explicit form of Pf. For 2 > n > 1 wc use the interpolation technique 
to get Equation ( II 1 1 [) . 

The case n = 3 of ( I112p was proved in [TT], Proposition 10 (cf [HI US])- The proof of the other cases is 
similar, thus is omitted. □ 



12 Estimate of M 3)0 

In this section we prove Estimate ( 141]) on the function M 3 .q. Given any time r, choose T — r. Then we 
have the estimates of Proposition lll.ll for r < T. We start from estimating rj defined in Equation ([86]). We 
observe that the function r\ is not orthogonal to the first three eigenvectors of the operator L a . Therefore we 
derive the equation for P 3 i]: 

d 



—P^ = -P 3 a £ a P 3 a V + £ D™(v) (114) 

fc=i 

where the functions Dm t n = -Dm,™ (a), k = 1,2, 3,4, 5, (m,n) = (3,0), (2,0), (1,2), (2, 1), are defined as 
D$,n : = ~P,nVexp -|z 2 c\ n [exp jZ 2 V ] + P«VP« exp -|z 2 ^[exp |z 2 ry], 

D%> n := P^exp-|z 2 a z "[exp|z 2 W ?/ ], 
D$ n := PZ exp -|z 2 a z "[exp |z 2 .P(a, 6)], 
D { m]n ■= Pm exp -|z 2 a™[exp |z 2 M(a, 6, a, 77)], 
DW, : =P«exp-|z 2 ^[exp|z 2 AA 2 ] 

where, recall the definitions of the function T, the operator W after Equation ( I88p and the definition of P^ 
before ([TO5]). 

Now we start with estimating the terms D% q , k = 1, 2, 3, 4, 5, on the right hand side of ( 1 114|) . 

Lemma 12.1. If A(t), B(t) < /3~*(t) and if a < S (equivalently r <T) then we have 

5 



^||exp^ 2 P 3 ^W(a)||3,o</3 l (r(a))P(M(T),A(T)). (115) 

k=l 



Proof. We rewrite Pf D^\, as 
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which admits the estimate 

||cxpfz 2 P 3 «P«(a)|| 3 ,o < |<z)- 1 ^^!|||expfz 2 (l-P 3 «)r,( ( T)|| 2 , 

< bi(r(a))\\ex P ^z 2 V (a)\\ 3 , 

where we use (US]), the fact that |6(r)| < 2(3(t) implied by B{t) < /?~i(t) and the fact for any m > 1 

|| exp -z 2 (l - P£)ff|U_i, < || exp -z 2 5 || m , (116) 

by ( I108[) . Thus we have the estimate for P 3 q. 

Now we estimate Z? 3 *j] , k = 2, 3, 4, 5. First by ( I116[) we observe 

5 

II exp ^P^P^ (a) || 3 , < || exp jz 2 T{a, 6)(<t)|| s ,o+|| exp |z 2 Wr^)lko+|| exp jz 2 Ni || 3 ,o+|| exp |z 2 AA 2 || 3j0 . 
The estimates of J 7 , Af u W 2 and Wrj in f I96 l) -(|95 ]) imply 



^||exp^ 2 P 3 ^W( ( x)|| 3 ,o<^(r( ( T))P(A/(r), J 4(r)). 

fe=2 



Collecting the estimates above we complete the proof. □ 

Now we prove Equation ( I41[) . Let S and T be the same as in Section 1111 By Duhamel principle we 
rewrite Equation ( II 14|) as 

PMS) = IfU 3 (S, 0)P 3 ^(0) + W P?Uz(S, <y)P 3 a D { 3 ^(a)da, (117) 

n=l Ja 

where, recall, U^(t, <t) is defined and estimated in ( I112[) . from which we obtain 

/3- 2 (r)||exp|z 2 P 3 ", 7 (5)|| 3 ,o<exp-co5/3- 2 (T)||exp|z 2 ?7 (0)||3,o+/3- 2 (T)^ f exp -c (S - a)\\ exp ^Di%)\\ 3 , da. 

k=l ^° 

(118) 

Now we estimate each term on the right hand side. We begin with the first term. By the slow decay of 
(3(t) and Equation ( l95|) we have 

cxp- Co S/3- 2 (P)|| exp f z 2 77(0)|| 3 ,o < /3 2 CO) 1 1 exp f ^77(0) || 3 ,o < M 3 ,o(0). (119) 
For the second term we use the integral estimate ( I102p and the estimate of D% q in Equation ( I115p to obtain 

£ f exp- Co (5-a)||exp|z 2 ^( ( T)|| 3 ,od ( T</3 5 / 2 (r)P(M(r), J 4(r)). (120) 

k=l J° 
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By ( [105]) we have || exp f z 2 P^n(S)\\ 3 ,o = \\<f>(-, T)\\ 3 ,o which together with (Ell) and (H201) implies 

r 2 (T)||^(-,r)|| 3 ,o < M 3 , (0) + PHt)P(M(T),A(T)) 

where P is a nondecreasing polynomial. By the definition of M 3 fl in ( 1361) we obtain 

M 3) o(T) < M 3) o(0)+/3'(0)P(M(T),A(T)). 
Since T is an arbitrary Equation ( HTj) follows. 



13 Proof of Equation ( [42]) 



k=2 



b ~ /3 

3 



□ 



We derive an equation for P 2 Q ry(cr) from Equation ([85]) as 

, 5 
— P? V = -L a P? v - P?V V + P? D ifi ( 121 ) 



where the functions D^d an< ^ the operator L a are defined after ( 1 1 14[) and ( [55]) respectively. 
Lemma 13.1. If A(t), B(t) < P~*(t), then 

Hexp^V^a)!!^ </3^(r( CT ))M 3 ,o(r). (122) 

£ || exp |z 2 P 2 «^ (Oil £,o<P™ (t)P(M(T),A(T)) (123) 
fe=i 

Proof. By the assumption on P we have i < A hence 



which together with the definition of after ( [88]) and the estimate in ( [95]) yields 

|| exp %z 2 Vr]{o-) II ii j0 < || 1+b{T \ a))z » expfz 2 ^^)!)!!^ 

< r^(r(a))||expfz 2 ?7 (a)|| 3 , 

< (3m( T (a))M 3 , (T). 

This gives ( 11221) . The proof of ( I123|) is almost the same to that of ( 1 1 1 5[) and, thus omitted. □ 
Rewrite ( 11211) to have 

rS 5 

P£ri(S) =e X p-L a SPMQ)+ / exp -L a (S - <j)P?[-Vn + V D^da, 
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where, recall the definition of S in ( I57|) . By the propagator estimate of exp— L a aP2 in ( llllj) . we have 

|| exp f z 2 P?ri(S)\\ ft.o <K + K 1+ K 2 (124) 
where the functions if n 's are given by 

if := exp-aS'||exp-z 2 77(0)||ii iO , := J exp -a(S - cr)|| exp -z 2 V7]{<t)\\ 11 cfcr, 

5 r s a 
K 2 :=Y^ / cx P- a ( 5 - cr )ll ex PT^ 2£) 2 A: dllii,o dcr - 

fc=2 ^° 

Next, we estimate iC„'s, n — 0, 1, 2. 

(K0) Equation ( I5S")) and the slow decay of /3 yield 

K < & (T)/T S (0)|| exp |z 2 r;(0)|| u >0 < /# (T)Mu, o (0). (125) 

(Kl) The estimate in ( I122p and the integral estimate in ( 1102)) imply 

Ki< j exp-a(S-a)i3^(T(a))daM 3 ,o(T)</3^(T)M3,o(T). (126) 
Jo 

(K2) The estimates of fc = 2, 3, 4, 5, in Equation ( [123|) yield the bound 

K 2 < /* ex V -a(S-a)(3^+Hr(a))daP(M(T),A(T)) 

< 0w+i(T)P(M(T),A(T)). { ' 

Collecting the estimates ( I124l) -f 11271) we have 

r^(r)||exp|z 2 P 2 ^(r(5))||^ :0 <Af^ i0 (0) + M 3 ,o(T)+^(0)P(M(T),v4(T)). (128) 



By Equation ( I109[) we have 



9 

0-^(T)\\d>(T)\\ UtO = p-^(T)\\e X p— PMS)\\% fi 



which together with ( I128|) and the definition of Mn. implies 

Mii !0 (T) < Mu i0 (0)+M 3 ,o(T)+^(0)P(M(T),4(T)). 
Since T is an arbitrary time, the proof is complete. 
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14 Proof of Equation ( [43]) 

By Equation ( |88|) and the observation 



2 

exp — — z [exp -z 2 ff ] = (0, + -z)g (129) 
for any function g, the function P 2 (d z + §2)77 satisfies 

|-P 2 Q (9 Z + = -P?(£ a + a)P?(d z + + J2 D$l + ^6 (130) 

k=l 

with Df\ defined after ( EHJ) and 

D 6 :=-P?r)d z V. 

Thus applying the operator <9 Z + §2 leads to the equation with improved linear part. 
Lemma 14.1. If A(t), B(t) < /3~*(t), then we have 

\\expjZ 2 D 6 (a)\\ 2 , <l3 2 (T(a))M 3 , (T). (131) 



5 

k=l 



^T, D 2%)ho <f3 5/2 (T(a))P(M(T),A(T)). (132) 



The proofs are the same as those of ( I122|) and ( I115j) and, thus are omitted. 
By the Duhamel principle we rewrite Equation ( I130|) as 



P?(d*+%z)ri(S) = P?U 2 (S,0)exp-aSP?(d z + ^z)r 1 (0)+ f P?U 2 (S, a) exp -a(S - a)P 2 "[V D^+D a ]da, 
1 2 Jo n=1 ' 

where U 2 is defined and estimated in ( I112[) . from which we have 



a „2 D a/- a 



ith 



\exp-z 2 P?(d z + -z)v(S)]\\ 3 fi <Y 1 +Y 2 + Y 3 (133) 



Yi := cxp-coS'll exp-z 2 ry(0)|| 2 ,i; 



I s 5 az 2 

Y 2 := / exp -00(6" -cr)^ || exp— D^l(a)\\ 2j0 da; 

J° k=l 

f S az 2 
Y 3 := / exp -co(5 - a)\\ exp —D 6 (a)\\ 2fi da. 

Jo 4 



Next, we estimate Y n , n = 1, 2, 3. By ( I132|) and the integral estimate ( I102[) we have 

Y 2 < f S exp-c (S - a)p 5 / 2 (T(<j))daP(M(T),A(T)) < /3 5 ^(T)P(M(T),A(T)); (134) 







3G 



by ( 113 1[) . By similar reasoning, 

Y 3 </3 2 (T)M 3 , (T); (135) 

and by ( l§5"|) and the slow decay of (3, 

Yi < exp-co5||^(-,0)|| 2il < /3 2 (T)M 24 (0). (136) 
Collecting the estimates ( U33l) -( 11361) we obtain 

(3- 2 {T)\\ exp^P«(9 z + | 2 )ry(5)]|| 2 , < M 2i i(0) + M 3 , (T) + (3^(0)P(M(T),A(T)), 

Moreover by Equation {UM we have || exp ^P 2 3l (d z + § z)t](S)]\\ 2 ,o = \\4>(T)\\ 2 ,i- Thus by the definition of 
M 2jl 

Af 2 ,i(T) < M 2)1 (0) + M 3 , (T) + p$(fl)P(M{T),A{T)) 
which together with fact that T is arbitrary implies ( [ 



15 Proof of Equation ( I44j ) 



By Equation ([5S|) the function Pi(d z + ^z) 2 r\ satisfies the equation 

5 

£P?(d z + § zf V = -P?(£ a + 2a)P?(d z + qz) 2 V + P?Y< D{ i k) 2+ D 7 ( 137 ) 

fc=i 

with D[ k l defined after ( HHJ) and 



az 2 r i y 2 „ 2 . ' i 



L> 7 : = -P« exp ^-[exp —zijd z V + 2«9 z [exp -z 2 r]}d z V}. 



Lemma 15.1. If A(t), B(t) < (3 4 (t), then we have 



\\exp^z 2 D 7 (a)\\ h0 < (3 2 (r(a))[M 3 . (T) + M 2A (T)}, (138) 



\\e^ E^SWIIi.o < /3 2 (r(a))[Af 3 ,o(T) +M 24 (T)] +/3 5 / 2 (r(a))F(Af(T), J 4(r)). (139) 



fc=i 



The proofs are almost the same as those of ( I122j) and f I115[) , thus omitted. 
By Duhamel principle we rewrite Equation ( I137|) as 

Pi{d z + f z) 2 r](S) = P?U 1 (S,Q)exp-2aSP?(d z + ^z) 2 r]{0) 

5 

+ Jo PiUi{S, a) exp -2a(S - <r)Pf L>g + L» 7 ]dcr 



n=l 
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where, recall U\(t, s) is defined and estimated in ( I112[) , from which we have 

|| exp^Pf (d z + § z) 2 r,(S)\\x, <Z 1 + Z 2 (140) 

with 

Zi := cxp-coS'll exp-2: 2 ry(0)||i i 2; 




By f H38|) . C fT39l) we have 

Z2 < / S exp- Co (5~ ( 7)/3 5 / 2 (r( ( 7))F(Af(r),A(r))+/3 2 (T( ( 7))[Af 2 , 1 (T) + Af 3 ,o(r)]d f 7 f . 

< 2 (T)P(M(T),A(T))+f3 2 (T)[M^ o (T) + M 2A (T)}: 1 j 

and the slow decay of /3 

Zi < exp-c b S||0(- J O)||i > a < /? 2 (T)Mi, 2 (0). (142) 
Estimates ( [T40 | -( [T42"]) yield the bound 

P- 2 (T)\\ exp ^Pf (9, + | ^^(fiOHLo < M li2 (0) + M a , (T) + M 2jl (T) + /ji (O)P(M(T), A(T)). 

By Equation we obtain || exp^P«(d z + f z) 2 r ? (5)|| i, = ||<9 2 </>(T)|| i,o which together with the 

definition of Mi l2 yields 

Mi, 2 (T) < Mi, 2 (0) +M 3)0 (T) + M 2il {T)+0v(O)P(M(T),A(T)). 
Since T is arbitrary ( I44[) follows. 
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